172

9. OSTAPENKO V.V., Approximation solution of approach-evasion problems in differential games,
Dokl. Akad. Nauk SSSR, 263, 1, 1982.

10. PONOMAREV A.P., Improved estimate of the convergence of alternating sums in Pontryagin
alternating integegral, Mat. zametki, 35, 1, 1984.

11. ALEKSEICHIK M.I., Further formalization of the basic elements of an antagonistic dif-
ferential game, in: Mathematical Analysis and its Applications, Rost. Univ., Rostov on
Don, 7, 1975.

Translated by D.E.B.

PMM U.5.5.R.,Vo0l.51,No.2,pp.172-177,1987 0021-8928/87 $10.00+0.00
Printed in Great Britain ©1988 Pergamon Press plc

REDUCING THE EQUATIONS OF MOTION OF CERTAIN NON-HOLONOMIC CHAPLYGIN SYSTEMS
TO LAGRANGIAN AND HAMILTONIAN FORM

N.K. MOSHCHUK

Non-holonomic Chaplygin systems /1/ with n degrees of freedomand m (m <n)
first integrals linear with respect to velocities, are considered. It is
assumed that Lagrange's function is constructed taking into account the
non-holonomic constraints imposed on the system, and the integrals are
independent of the first m generalized coordinates. Then, provided that
certain conditions are met, m linear non-holonomic coordinates (quasi-
coordinates) can be introduced in such a way that the first m equations
of motion in these coordinates will have the form of the usual Lagrange's
equations.

The present paper deals with the most interesting, integrable case,
when m = n —1. It is shown that if certain conditions are met, the
trajectories of such a system in phase space will represent quasiperiodic
windings on the n-dimensional tori. Examples are given, namely, of a solid
of revolution rolling along a fixed horizontal plane, and of the motion
of a circular disc with a sharp edge on a smooth, horizontal ice surface.

The problem of reducing Chaplygin's equations of motion of non-
holonomic systems to the form of the ordinary Lagrangian and Hamiltonian
equations has been studied extensively. A detailed survey and an analysis
of the existing approaches to solving this problem are given in /2/.

1. 1Let us consider a natural, non-holonomic mechanical Chaplygin system /1/ acted upon
by potential forces. We assume that Lagrange's function constructed taking into account
the non-integrable constraints imposed on the system, has the form

Lgq)=T-1, T="qT0, Il=I{g) .1
Q=lloy@l ¢i=12...,n

Here q, q' are column matrices of the generalized coordinates and velocities of the
system, @ is a positive definite symmetric n X n-matrix, T and I[I is the kinetic and
potential energy of the system respectively. The total energy of the system is conserved
(T+T=nh = const), and the differential Chaplygin equations of motion

d oL aL 1.2

T e T e =L 1.2
will describe the motion of the system independently of the equations of non-integrable con-
straints. In (1.2) I' is a column matrix of the non-holonomic terms (T';(q,q’) is the gquadratic
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form of the velocities ¢')).
We can also write the Chaplygin equations in canonical form

p = — 0H/3q + ®, q = 0H/dp (1.3

where p=0L/dq" and the functions H (p,q) and @; (p, q) are obtained from the functions L (g,
q) and T;(g,q) by replacing the generalized velocities q by generalized moments p.

Let 8L/dg, =0 (k=1,...,m<n) Unlike in the holonomic systems, this does not lead
to the first integrals of the equations of motion linear with respect to the velocities. 1In
a number of problems however, the integrals can be determined /2, 3/.

We further assume that there exist exactly m independent first integrals linear with
respect to the velocities

I=Aq, A=|k;(@)] {1.4)
Here I is the column matrix of the first integrals (we assume for convenience that it
has the dimension of the generalized moments), and we assume that O ;/dg, =0 (I =1,..., m).

In what follows, we shall make use of the following representations of the matrices A
and @

o Q

2=lgr 0

o A=lAu Azl Qu=Joul, A=k (1.9)

and we assume that at the points of general position det A; == 0.

Let us choose the guasicoordinates m; so that the corresponding moments are the first
integrals of the equations of motion of the Chaplygin system in guestion. To do this, we
will carry out the following substitution:

(1.6)

=, 5| 0
T 5=l B

Here S, (g) is & non-degenerate m X m-matrix, and E is the unit matrix. From (1.6)
we see that the last n - m gquasicoordinates are identical with the initial generalized
coordinates (we only change the notation for convenience), and in place of the first m co-
ordinates ¢, we will consider the linear quasicoordinates.

Lagrange's function will have the following form in quasicoordinates:

L*=T*—1II* T*=YyxT¥x, ¥=(STQS)* 1.7
and the equation of motion will be
d 8L* aL* .
—dyw-a—n'=r*(ﬂ,ﬂ) (1..8)

We shall denote by an asterisk the passage from the coordinates g to the quasicoordinates

14 (or conversely, from the quasicoordinates @ to the coordinates ¢). We note that
aLs S/ oL *
= e} e O (1.9)
aﬂk ;< aqi zk)

Thus the function L* (&, n') does not depend explicitly on the first m quasicoordinates
(and the last n — m coordinates are identical with the initial coordinates), i.e., II* =

0* (fsgs -« s M)y S* = S* Ay, . . ., 1) in (1.7).
Now let S; = Q,7'A,T. Then, provided that the relation
AT A =070, (1.10)
holds, we have in the first m equations of (1.8) I;* == 0. Indeed,
aL* t_ T P { oo aT, . Sngl SITQQ . A:[ Az .
(5 ) =US™a9)* n']*= 5705 (S1q’) = S™Aq “‘“Ew o |9=|gas 0,9 (1.11)

From (1.1l) it follows that 6L*/8nk'=1k*,: const. Therefore (d/dt)(8L*/0ny" )= 0 and taking
into account (1.9) we conclude that T4W* =0 in (1.8). Consequently, we have the following
theorem.

Theorem 1. If a non-holonomic Chaplygin system with n degrees of freedom has m (m << n)
independent first integrals linear with respect to velocities, such that neither these
integrals, nor Lagrange's function constructed taking into account the non-holonomic constraints,
depend on the first m coordinates, then, provided that some relation (1.10) holds, the first
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m coordinates can be replaced by the quasicoordinates in such a manner that the non-holonomic
terms in the first m equations vanish.

Notes. 1°. Condition (1.10) is automatically satisfied if A, =0, €,= 0, i.e. when the
first integrals depend only on the first m velocities ¢ and the expression for the kinetic
contains no terms of the form og4¢, (¥==m-+1,..,n). The condition is invariant under the point
transformation of the coordinates gp.. - on-

2°. If the matrix 8; contains integrable rows, then the corresponding quasicoordinate
is simply a generalized coordinate.

3°. The equations of motion (1.8) can alsoc be written in canonical form /4/

P = — JH¥OR | OF, 7" == JH*/OP (1.12)
where P = gL%/gn° and H*{P, a), &;* (P, r) are obtained from the functions L*{x, =) and TI*(x, =)
as a result of replacing =« by P, with dp* = 0.

4°, The ¢ may already include the quasicoordinates. It is only important that Lagrange's
function (1.1) should not depend explicitly on them. If all conditions of Theorem 1 hold here,
then there are no changes in the arguments used.

50. The problem of using the quasicoordinates in non-holonomic mechanics has not been
sufficiently explored /2/. We therefore must introduce the quasicoordinates with extreme care.
Generally speaking, the relation between the guasicoordinates and the initial {true) co-
ordinates can only be established for a specific trajectory of motion (which is, generally
speaking, not known). In the problem discussed here we manage to establish this relationship
for the case m=n—1.

2. Let us consider the case m==n — 1 in more detail. The study of this integrable
case leads to an analysis of a one-dimensional system {(with a single local coordinate =, = g,)
whose energy is conserved. Theorem 1 implies at once that in (1.12) the only function which
can be different from zero, is @,* . wWe shall, however, show that we also have ®,* =0, i.e.
P, == —aH*/on,.

The Hamiltonian function in the quasicoordinates has the form
H* = Y PT¥ (g JP - 11 (req) (2.1)

Differentiating (2.1} in time we obtain

aH* aH* .

an, M+ gp P =0 @2

and from this we have
. . H*
o (P,, + )_-—.,o (2.3)
when m, ==0, (2.3) yields the required relation at once. If, on the other hand, fi, =0,
then P," = —3H*/dn, = (0. Therefore in this casewe have ®* =0, in (1.12), i.e. the equations
of motion have the form of the ordinary Hamiltonian equations
P = —3H*dn, 7' = JH*/3P (2.4)

Thus we reduce the investigation of the non-holonomic Chaplygin system in question to
the study of a Hamiltonian system with n degrees of freedom and 7 — 1 ignorable coordinates.
The motion of such a system has already been studied in detail (see e.g. /5/).

We shall show that a smooth reversible change of the variables g =q(x,P), p=p (n, P)
exists and that it can be used to reduce the equations of motion of the holonomic system (1.3)
to the form (1.4).

First we note that (2.1) will always yield, with help of the energy integral, &, in
terms of A, Py, ..., Py and oyl

Wy == (A, Pyro .. Ppys Tp)
From (1.1), (1.6) and (1.7) it follows that
p=Qq = (QSy*x’ == [ST ()] P 2.5)
Let us now find the relation connecting q with x and P. We introduce the function

F(h Pi...) Pogfig) = S W an, 2.8)

W (n,) = [((E — S) @ (ST *

We note that the last row and column in the matrix W are both zero, i.e. F, =0 and
WP is independent of P,.
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The change of variables sought will have the form

q=x+ Q(P,n) 2.7)

where the function Q is found from F by replacing the total energy constant h by H* (P, m,),
i.e. Q (P,n)=F LH* (B, 1), Py - . » Pr, ).

Let us confirm this. Indeed, differentiating {2.7) with respect to time we obtain, by
virtue of the egquations of motion,

q=x+ QP n,)=a" + WPn, /U :=n"+ WP=n"+ (2.8)
[(E—S$ 1)@ 1 STy (STQS)* " =" + (8* — E)n’ = S*’

From (2.5)-{(2.7} it follows that the change (p,q)— (P, %) is fairly smooth and reversible,
and its Jacobian {equal to det8) is different from zero.

Thus we have, at every fixed level of the first integrals, a single-valued relation
connecting g and ®, 1i.e. the quasicoordinates st determine completely the position of the
system at every level of the first integrals.

Let us now consider the structure of the phase space of the non-holonomic Chaplygin system
for this case.

If Myis a configurational space of the initial system and Ly is its Lagrange's function,
i.e. Ly TM,— R (TM, is the tangential stratification of M,), then since the system is
Chaplygin-type, there exists M C M, (we assume that M is a manifold) such that the mapping
6: R-—> M, can be regarded as the motion of the system in question. The mapping must satisfy,
in the local coordinates q on M, either the Chaplygin Eqs.(1.2) with the Lagrangian L :TM —
R (L is Lagrange's function constructed taking into account the non-integrable constraints
imposed on the system), or the Chaplygin Egs.(1.3) in canonical form with the function H :
T*M — R (I*M 1is the cotangential stratification of M). We find that the coordinates P,
can be introduced in the phase space T*M of the non-holonomic Chaplygin system in guestion
(with the local coordinates p,q) in such a manner, that the eguations of motion in these
cocrdinates will have the form of the ordinary Hamiltonian equations. The Hamiltonian system
obtained in this manner has n independent first integrals in the involution, and is completely
Liouville-integrable /5/.

If the non-singular set of the level of first integrals is compact and connected, then
it is diffeomorphic to the n-dimensional terus T® and the trajectories of motion are guasi-
pericdic windings on this torus. As in every Liouville-integrable Hamiltonian system, we can
further introduce the action-angle variables. We note that the angle coordinates w on the
torus and coordinates q will be connected by a relation analogous to (2.7), i.e. w=gq + Q (5,
Ph < v ey Pn<1v ‘In)-

If we have 8U/dn, = () at some level of the first integrals, then this level will be
"singular" and the independence of the first integrals will be violated on it. 1In this case
the non-holonomic system in guestion may contain a stationary motion g, = ¢,, g5 = ¢ (¢; are
certain constants) which cannot be asymptotically stable with respect to some of the variables
/6/.

Therefore the following theorem holds.

Theorem 2. Let a natural non-holonomic Chaplygin system with n degrees of freedom have
n—1 first integrals linear with respect to velocities. The integrals and the Lagrange's
function constructed taking into account the non-holonomic constraints, depend on a single
coordinate ¢,. Moreover, let condition (1.10) hold. We consider the set of the level of
first integrals in Z. If all n integrals are independent of X and ¥ is compact and connected,

then X o~ I™ and the trajectories of motion will be gquasiperiodic windings on this torus.
There exists a smooth change of the "real" canonical variables (p, g} reducing the equations
of motion of the non-holonomic Chaplygin system in question to the ordinary Hamiltonian
equations.

Corollary. The non-holonomic Chaplygin systems satisfying the conditions of Theorem 2,
have an integral invariant whose density is p = p (gn).

Note. If the non-holonomic Chaplygin system with two degrees of freedom admits, in
addition to the energy integral, of another first integral, and the set 2 of the non-singular
level of thefirst integrals is compact and connected, then it follows at once that S a=1% /7/
(since 2 is a compact, orientable two~dimensional manifold admitting a vector field without
singularities).

3. Let us consider a problem of a heavy convex solid of revolution rolling along a
horizontal plane in a homogeneous gravity field /1/. The configurational space of the system
My, = R?* x SO0 (3). We choose the local coordinates on M, as follows: § % are the coordinates
of the projection of the centre of gravitty G of the body onto the horizontal plane in the
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fixed coordinate system Ofnl {the 0§ axis is directed vertically upwards) and %, 8,¢ are
the Fuler angles characterizing the orientation of the coordinate system Grzyz rigidly attached
to the body (we direct the 2,5,z axes along the principal central axes of inertia of the body,
and the z axis along axis of symmetry) relative to the fixed system. Two non-integrable con-
straints are imposed on the system and the absolute velocity of the point of the body coinciding
with the point of contact, is zero.

In this case M == SO (3). and the Lagrangian function L constructed taking into account the
non-holonomic constraints, has the form (1.1) where

=008 DO =m0, % =00, @=A4Fmn(+o 6.0
| Asin?® 4 C cos?8 - mp®? € cos B -+ mpy, K
9;:; C cos 8 - moy, C o my . X=1Fsin8-4pcosh

Here 4,4,C are the moments of inertia of the body about the «z,y,z axes, m is the mass
of the body, g is the acceleration due to gravity, f(0) is the height of the centre of gravity
above the plane and p = df/df.

We know /1, 8/ that the equations of motion (1.2) admit in this case of two integrals,
and ¢, linear in velocities and depending explicitly only on 6. Thus we have in (1.4) Ay=
A; (8}, and A;=0. Therefore all the conditions of Theorem 2 hold and the quasiperiodic windings
on the three-dimensional torus are the trajectories of motion in the phase space T*S0 (3).

In the case of an arbitrary function f(8) the explicit form of these integrals (i.e. the
matrices A;) 1is not known, and therefore we shall carry out our investigation for the case
when the body is bounded by a sphere of radius d>0. Then /1/f@)=d-treos8(r|<d and

8 in®@
AI_:Alﬁco;co;}esm S , 6(9)=?(%+cos 9) 3.2
¢ . B2 Vs ¢
@)= (g im0+ ) v=gr

From (3.2) we find that det A, = Aa(8)sin?d. Since a >0, it follows that det A, =0 when
sin® = 0. It can, however, be shown that this is related only to the particular character of
the coordinate system used.

We obtain the following expression for the matrix §;:

Bilay)

i A
8, —:gr/d (C+mdr{5)/{?ﬁd3a?)g' detsl—_-m‘z—>0 3.3)

i
i

Thus the problem reduces to the study of a Hamiltonian system with the Hamiltonian
function

4 sin 6 A4
md? r r2\7-1
[1+ T(1+2‘3‘3059+“3T>] Pa‘]—}—mgrcose

¢ —_
H* (1, 1z, 8, Py, Py, Py) =2‘1" [ﬂd—(u)z—}-mﬁ (—’ﬁ v ?(J:).{— (3-4)

Further investigation can be carried oyt just as in the case when a solid of revolution
moves along a perfectly smooth surface.

We note that this axis of symmetry of the body &z can pass through the vertical position,
provided that the relation /1/ a{®) P —B(0)P,=0 or a(mP,—pB{n) P,=0 holds.

Let us point out a certain analogy between the problem of rolling a homogeneous sphere
and the problem of geodesics on a sphere. Let A=C=(+VBhmd/2 r=0P =0 in (3.4) (the
projection of the vector of angular momentum onto the vertical is equal to zero), then the
Hamiltonian (3.4) will have exactly the same form as the Hamiltonian of the problem of motion
of a material point of mass m (3 +V5)/2 over a smooth retaining sphere of radius d.

If we write the equations of motion of the non-holonomic Chaplygin system in question in
the form (l1.3) using the real canonical variables qf = W, ¢, 9), pT = {Py: Pg» Pe)» they will admit
of the last Jacobi multiplier p(8)=a™'(8) and the divergence of the vector field specified
by the right-hand side of these equations will be eugla to % = p,(cos @ — ) sin 0/(a®wg,). Thus both
the density of the integral invariant p and » are periodic along any trajectory lying on a
non-singular level of the first integrals 4#, I, I,

4. As the second example, we shall consider the problemof a circular disc with a sharp
edge moving on smooth horizontal ice /9/. The disc moves without cutting the ice, i.e. the
velocity of the point of the disc which coincides with the point of contact is parallel to its
horizontal diameter.

Retaining the notation used in the previous example, we have f(§) = dsin® (d is the radius
of the disc). We replace the generalized coordinates & n by the guasilinear coordinates oy, 0

o = Ecosy -+ nsing, o = —F sinyp+ n cos 1)
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The following constraint is imposed on the system:
G, = dcos (4.2)

The non-holonomic Chaplygin system in question has four degrees of freedom. Here M=

R X $0(3) and the Lagrange's function L constructed taking into account the non-holonomic
constraints, has the form (1.1) where

(1.

a" = (. 9, 01, 0), TL(0) = mgdsin B, @, =0, & = 4 + md? (4.3)
Asin?@ 4 Ccos®® Ccosd 0
& = CcosB (54 [
g ] m

We know /9/ that the problem has three integrals linear in ¢,¢,0 , i.e. Ay=0, in
4) and
Ay = hap = Qug Agp = Oy Ags = Ay = 0, hyy = 0y (4.4
Agy = md? [{1 4 vy In sin 0) cos & — (sin® 8 4 v cos? 6) In tg 3/:08]
Agg = md? [1 4 y(lnsin 6 — cos 8 In tg ¥/:0)], Ag = md

In this case the set £ 1is not compact. All the remaining conditions of Theorem 2,

however, hold. Therefore, there exists a change of variables which reduces the equations of
motion of the system in question to the form of the ordinary Hamiltonian equations, and the
trajectories of motion in the phase space T*M represent the windings of a four~dimensicnal
cylinder R'X T® /5/.

The author thanks A.P. Markeyev for his interest and for the opportunity given to take

part in a seminar.
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